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We present two experiments that probe the temperature dependence ofthe flexibility ofthe 
filamentous virus fd by examining aspects ofthe liquid crystalline nature qf fd suspensions. The 
first measurement i s  of the temperature variation o f  the coexisting fd concentrations at the 
isotropic-cholesteric phase transition. The second measurement is ofthe magneticfield induced 
birefringence or Cotton-Mouton constant in the isotropic phase as a function of temperature. 
We compare these measurements with the theoretical treatment of' Onsager, Khokhlov-Seme- 
nov, and Chen and conclude thal thejlexibility of fd varies nonmonotonically with temperature 
und has a minimum in persistence length at 35°C. 0 1996 John Wiley & Sons, Inc. 

INTRODUCTION 

In this paper we present measurements of the tem- 
perature-dependent persistence length of the bacte- 
riophagefd, a long, thin, semiflexible, and charged 
virus. Rather basic statistical mechanical theories 
predict that a colloidal suspension of semiflexible 
rodlike charged particles undergo a first-order 
phase transition between an orientationally iso- 
tropic ( I )  and an orientationally ordered, nematic 
or cholesteric liquid crystalline phase (A).'. ' The 
transition is entropically driven, and for neutral 
polymers the volume fractions of the two coexist- 
ing phases depend solely on the contour length to 
diameter ratio and the persistence length to con- 
tour length ratio. Sincefdis charged, the I-Ch tran- 
sition also depends on ionic strength and varies 
from 0.5 to 2% volume fraction as the ionic 
strength increases from 1 to 100 mM.' Quantita- 
tive agreement between the theory of the I-Ch 
transition at a single temperature and experiment 
was observed, establishingfd as a model colloidal 
liquid crystaL4 Review articles summarizing re- 
search in virus-based liquid crystals tobacco mo- 
saic virus (TMV)' andfd4 have recently appeared. 

The theoretical model of the liquid crystalline 
phase behavior considered in this paper applies 
equally well to either the nematic or cholesteric 
phase. In each phase particles have short-range or 
liquid-like correlations between the centers-of- 
mass, but long-range correlations between the an- 
gle of alignment of the long axes of the particles. 
The distinction between the two ordered phases is 
that particles in the nematic phase prefer to be par- 
allel to each other, while in the cholesteric phase 
the alignment direction precesses in a helical fash- 
ion.' The fd suspensions form a cholesteric phase 
(Ch) and the I-Ch transition at a single tempera- 
ture has been investigated e~tensively.~.~. '-~ In this 
paper, we report measurements of the temperature 
dependence of fd coexistence concentrations and 
find a maximum in the concentrations at 35°C. 
Adopting the premise that f d  suspensions are well 
described by theory,'-4.'" we suggest that a non- 
monotonic temperature-dependent variation of 
the flexibility offl? accounts for the variation in the 
concentrations of the coexisting phases. 

The specific magnetic field induced birefrin- 
gence ( A n )  in the isotropic phase provides infor- 
mation on two interesting quantities. In the limit 
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of low f d  concentration and low magnetic field 
( H ) ,  A n / H 2  is proportional to concentration and 
is a function of the polymer flexibility, I as well as 
’ h e  anisotropy OT the particle’s optical and mag- 
netic susceptibilities. At higher concentrations (but 
low fields), pretransitional angular correlations be- 
tween the particles cause An/ H 2  to nonlinearly in- 
crease with concentration and eventually diverge 
at p*,  the spinodal concentration of the isotropic 

This concentration dependence of An 
permits determination of p*, 2-4 which also depends 
on the flexibility of the particle. The birefringence 
study in this report is focused on relating the tem- 
perature-dependent flexibility to the measured An 
and p* values, and correlating these measurements 
with the phase coexistence data. 

MATERIAL AND PROPERTIES 

Thefd is a virus of 880 nm contour length ( L ) ,  
diameter 6.6 nm (D), and persistence length ( P )  
of 2.2 pm measured at T = 22”C.’4-18 Thefdis neg- 
atively charged at pH 7.3, ’’ with an approximate 
charge density of 10 e /nm and has a molecular 
weight 1.64 X 10’ g/mol.”.”’ We attempted to 
characterize polydispersity with electromicros- 
copy, electrophoresisiL’ and analytical centrifuga- 
tion. A large distribution in lengths was observed in 
negative-stained transmission electron micrograph 
photographs, but we suspect the drying process 
causes both fracturing and aggregation of the virus. 
Very narrow distributions were observed in both 
electrophoresis and analytical centrifugation, but 
no attempt to quantify the length distribution was 
made. An additional indirect assay of the length 
distribution is that we have observed a smectic liq- 
uid crystalline phase in samples of 3- 10% volume 
fraction as a function of ionic ~ t rength .~ .~ .”  Since 
slight polydispersity suppresses the smectic phase, 
we conclude that the viruses are highly monodis- 
perse. While the structure offd is known to high 
resolution, 13,23 in this paper we modelfd virus as a 
smooth, uniformly charged, semiflexible rod. 

COEXISTENCE CONCENTRATIONS 

Theory 

Onsager developed a statistical mechanical theory 
ofthe isotropic to nematic phase transition of a sus- 
pension of charged rigid rods.’ He noted that an 
expansion of the free energy in the powers of con- 

centration provides a theory of the phase transition 
whose accuracy increases with the ratio of the 
length to diameter of the particles. Khokhlov and 
semenov 2.24.25 generalized Onsager’s approach to 
include systems of semiflexible chains in the limit 
that both L 9 D and P 9 D, but with arbitrary value 
of L I P .  Khokhlov and Semenov solved their 
model analytically in the limit of L 9 P ,  and Chen 
[ 101 has reported an accurate numerical calcula- 
tion of the Khokhlov-Semenov model for arbi- 
trary flexibility ( L /  P ) .  

The numerical results of the isotropic (c ,  ) and 
cholestenc ( c,) coexistence concentrations as a 
function of flexibility are lo 

4.1895 + 26.1020a + 6 6 . 0 0 2 6 ~ ~  + 117.846~~’ 
1 + 3.4806a + 9.033 1 a* 

c, = 

(1)  

0.2737 + 3 . 0 3 5 7 ~  + 3 . 0 6 6 6 ~ ~  + 1 0 . 7 8 5 9 ~ ~  
1 + 26 .8263~  + 8 6 . 7 8 9 2 ~ ~ ~  + 1 4 3 . 1 4 5 ~ ~ ~  

w =  

with c, = L’Dn, the dimensionless concentration, 
x being either the isotropic ( i )  or cholesteric (c) 
phase, n, the number density, a = L / P  the flexi- 
bility parameter, and o = (c, - c, ) /  c, the fractional 
difference between the coexisting phases. 

Onsager demonstrated that the dominant effect 
of charge can be accounted for by introducing a 
charge-dependent effective diameter D,,, which is 
larger than the hard rod diameter D. D,, is calcu- 
lated by finding the separation of the rods at which 
the energy of repulsion equals kT as averaged over 
the angular distribution function f( D )  in the iso- 
tropic phase.’ Forfd in an 1: 1 electrolyte, D,, can 
be readily calculated as a function of ionic 
s t ~ - e n g t h . ~ . ~ ~  In order to compare with experimental 
measurements, we convert the dimensionless 
number concentrations c, to mass concentrations 
n mg/mL, px: 

(3 )  

vhere m is the mass of an individual particle. The 
xedicted coexistence concentrations p, as a func- 
ion of Def are in good agreement with experi- 
nent.3,4 

It should be noted here that there is a smaller 
dditional factor in determining the coexistence 
oncentrations, which scales as K -’ ID,,, the ratio 
f the Debye screening length to the effective diam- 
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eter. Correction of the theoretical coexistence con- 
centrations due to this effect is predicted to be on 
the order of 10%,2"-28 but it is ignored in our treat- 
ment for co-existence concentrations. 

Temperature Dependence of the 
Coexistence Concentrations of fd 

In contrast to TMV, where the isotropic-nematic 
coexistence concentrations were temperature in- 
dependent,29 we report here that for fd the iso- 
tropic-cholesteric coexistence concentrations var- 
ied in a nonmonotonic fashion with temperature 
over the range 4-70°C. We studied a fd virus solu- 
tion of approximately 20 mg/mL that was dialyzed 
against 10 m M  potassium phosphate (KP) buffer 
solution at pH 7.3. Phosphate was chosen because 
of the weak temperature dependence of the pH. 
However, a disadvantage of phosphate is that it is 
polyvalent, which complicates the calculation of 
the interparticle potential.26 The sample after dial- 
ysis was carefully diluted to the coexistence region 
and sealed with a rubber cover in a small clean glass 
tube of roughly 40 mm in length and 6 mm in di- 
ameter. Then the tube was immersed, but kept ver- 
tical, in a temperature-controlled water tank and 
allowed sufficient time to phase separate. The 
phase separation in the bulk was slow due to the 
small difference in the specific gravity between the 
two coexisting phases, and also the viscosity was 
large due to the length of the virus particles. Fre- 
quently, a table centrifuge was used to apply up to 
1000 g to speed the separation after the isotropic 
and cholesteric phases separated into micron-sized 
droplets after standing at 1 g overnight. The tem- 
perature at which the sample was equilibrated was 
not always maintained during centrifugation, so 
the samples were spun in successive intervals of a 
few minutes each and the sample tube was replaced 
in the temperature bath immediately following 
each centrifugation. The equilibration time for the 
samples to phase separate was days and was much 
longer than the few minutes that the sample was in 
the nontemperature-controlled centrifuge. 

After thorough phase separation into an iso- 
tropic phase in the upper portion of the tube and a 
cholesteric in the bottom portion, a sample of vol- 
ume 20 pL or so was carefully pipetted from each 
phase while observing through crossed polarizers. 
The samples were immediately weighed with an 
analytical balance of 0.0 1 mg accuracy and subse- 
quently diluted approximately 50-fold to measure 
the fd mass concentration by optical spectropho- 
tometry. It was necessary to thoroughly mix the 
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FIGURE 1 Coexistence concentrations of isotropic p ,  
(0) and cholesteric p c  (a), measured at five tempera- 
tures. A maximum in coexistence concentrations is ob- 
served near 35°C. Error bars indicate 5% variation for 
each concentration. The labeled solid lines correspond to 
the theoretical predictions of p ,  and p L  for DeR = 17 and 
18 nm where the temperature dependence of the flexi- 
bility offilwas extracted from Figure 2. Coexistence con- 
centrations for intermediate values of DeR lie parallel to 
the solid lines and fall within the textured regions. 

two-phase samples after changing the temperature 
because otherwise it would take an extremely long 
time for the individual coexisting isotropic and 
cholesteric phases to change concentration purely 
by diffusion. In other words, care must be taken to 
avoid metastable states, while mixing the samples 
allows them to reach equilibrium. Repeated mea- 
surements showed that the variation of the coexis- 
tence concentrations between different samples 
prepared under what was intended to be identical 
conditions occasionally reached 5%. 

In Figure 1, the I-Ch coexistence concentrations 
offd are shown at five temperatures. A 5% error 
bar was assigned to each data point, for which three 
independent measurements were done. However, 
since we always measured p1 and pc in the same 
sample, the relative difference between the coexis- 
tence concentrations o = ( p c  - p i ) / p ,  was reliably 
measured to be about w - 10% at each tempera- 
ture. The remarkable feature of the temperature 
dependence of the coexistence concentrations is 
that a maximum was observed at about 35°C. The 
temperature-induced shift in coexistence concen- 
trations is not large, amounting to about a 5% vari- 
ation between the highest and lowest concentra- 
tions. 

In a previous paper3 we established that the 
Khokhlov-Semenov ( KS ) theory quantitatively 
described the coexistence concentrations of the iso- 
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tropic-cholesteric phase ( I-Ch ) offd suspensions. 
Here, we take the view that the temperature depen- 
dence of the I-Ch concentrations arises solely from 
the variation of the flexibility offd with tempera- 
ture. We assume that the KS theory is accurate and 
use the measured I-Ch concentrations to extract 
the flexibility a. In order to compare the measured 
pI and p‘ at room temperature (23°C) with the the- 
oretical prediction from Eqs. ( 1  )-( 3) ,  we use L 
= 880 nm and m = 1.64 X lo7 g/mol. In principle, 
Defi can be numerically calculated by solving the 
nonlinear Poisson-Boltzmann equation with full 
consideration of the polyvalent ion composition of 
the KP buffer. However, this was not carried out in 
our study and calculations ofDefwere done assum- 
ing a monovalent s o l ~ t i o n . ~  The ionic strength of 
10 m M K P  at pH 7.3 is 24 mM, while the ion con- 
centration of K +  is 17 mM, which is the major 
countenon for the negatively charged fd particles 
in solution. The “extra” ionic strength comes from 
the negative divalent phosphate ions. The variation 
in is not great for this range of ionic strengths 
and assuming a linear charge density of I e /A l 9  we 
find Def = 18, 17, and 16 nm for ionic strengths 17, 
20, and 24 mM, respectively. Here, comparisons 
with theory were done assuming Defin the range of 
17-18 nm. 

The solid smooth curves drawn in Figure 1 for 
the temperature dependence of the I-Ch phase 
boundary were obtained through a different 
method, which is explained in the following sub- 
section. 

pi and pc Through Percentage 
Determination 

An alternative method for determining coexistence 
concentrations as functions of temperature is to 
measure the percentage of the cholesteric portion 
of the sample in coexistence, instead of directly 
measuring the concentrations as before. Approxi- 
mately 100 pL offd sample in coexistence was per- 
manently sealed by oxygen flame in a glass capil- 
lary about 8 cm in length, which was then treated 
the same way in the water bath as the glass tubes 
described earlier. Since the capillaries have uni- 
form cross section, the percentage of cholesteric is 
easily determined by measuring the ratio of height 
of the cholesteric to the total sample with a ruler. 
More importantly, since the fractional difference in 
concentration between the coexistence phases o is 
small, and always about lo%, the percentage shift 
of the amount of cholesteric phase is approxi- 
mately 10 times the percentage change of the con- 

centration of either phase. This magnifying effect 
arises from the conservation of the total virus in a 
sealed capillary, which can be written as 

with f the fraction of the cholesteric, p,  the con- 
centration of the isotropic, and pave the average 
concentration of the total solution. For example, if 
following a temperature change the isotropic con- 
centration changes as pI + 0.95pl, and the width 
of the coexistence region w remains 0.1, then f’in- 
creases by about 50% according to Eq. (4 ) .  Thus 
a 5% change in the coexistence concentrations is 
translated into a 50% shift in the height of the co- 
existence phase boundary, 

There is a serious drawback to this method due 
to the observation of a slight irreversible change of 
thefd samples with time. At room temperature, the 
coexistence concentrations shift higher with time, 
and such a shift persisted for months during our 
experiment with the sample sealed in capillaries. 
As previously, we thoroughly mix the two phase 
suspension upon each change in temperature. A 
day or two is usually necessary to reach complete 
separation of the new equilibrium phases following 
every temperature change, even with the help of 
gentle centrifugation. A typical cycle consisting of 
one measurement following every 5°C temperature 
change through the temperature range 4-70°C 
takes 3-4 weeks, during which period the coexis- 
tence concentrations shift upward about 1%. This 
very slight change is easily measured as a change in 
the height of the I-Ch meniscus. The rate of shift 
is dependent on temperature and is larger at high 
temperatures. At 4”C, the sample stays stable for 
months. This shift rate also depends on the ionic 
strength, and we observed more rapid changes at 
the lower ionic strengths. The physical origin of 
such a shift is not well understood. We note that 
both electron microscopy and electrophoresis ex- 
periments detected no significant difference be- 
tween a fresh stock offd and a well-sealed fd solu- 
tion that had suffered through months of tempera- 
ture cycles. 

Figure 2 shows the percentage of cholesteric 
phase in one sample capillary of pave = 13.0 +_ 0.3 
mg/mL, 10 m M  phosphate buffer, pH 7.3, as a 
function of temperature. The temperature was se- 
quentially cycled from low to high values (circles), 
and then from high to low (triangles). Since the 
total material in each tube is constant, an increase 
in the coexistence concentrations results in a de- 
crease of the percentage of the cholesteric phase. 
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FIGURE 2 Percentage of the cholesteric in coexis- 
tence with the isotropic phase as a function of tempera- 
ture, measured in a sealed capillary of the total liquid 
length 82.2 mm. The temperature was cycled once from 
low to high temperature (circles), and then back from 
high to low once (triangles). The total experiment was 
completed in about two months, over which time the 
percentage ofthe cholesteric at 4°C decreased about 15%. 
The decrease in the percentage of the cholesteric phase 
from 4 to 35°C corresponds to an increase in the coexis- 
tence concentrations of about 596, a result consistent 
with the data of Figure 1. 

From the beginning to the end of the measure- 
ments shown in Figure 2, a period of two months, 
the percentage of the cholesteric phase decreased 
from 70 to 55%,  which amounts to only a 1.5% shift 
in the coexistence concentrations. While a direct 
measurement of a 5% shift in coexistence concen- 
trations shown in Figure 1 is close to the limit of 
experimental accuracy, here such a shift corre- 
sponds to a height change of the isotropic-choles- 
teric meniscus of 4 cm, an easily measured effect. 

Our previous measurements of the coexistence 
concentrations offdas a function of ionic strength3 
were in excellent agreement with Chen’s‘’ numer- 
ical results of the Khokhlov and Semenov the- 
~ry.~.’’  If we accept this theory as being applicable 
to thefd system, then we conclude that the temper- 
ature dependence of the I-Ch transition arises 
from the temperature dependence of the flexibility 
offd. Chen provides explicit formulae [ Eqs. ( 1 )- 
(2) ]  for the dependence of concentration ofthe co- 
existing isotropic phase c, and the width of the co- 
existence concentrations w.  In turn, c, is propor- 
tional to p,  through Eq. (3) .  These equations are 
functions of two quantities we treat as unknowns: 
( 1 ) the ratio of contour to persistence length of the 
particle, and (2)  the effective diameter DeR. We 
first fix Deff to be either 17 or 18 nm, as discussed 
above, and then fit the percentage of cholesteric 
data fshown in Figure 2 as solid symbols to Eq. 
(4) in order to extract the persistence length. The 

results of the fit of the persistence length are shown 
in Figure 3. 

The persistence length P has been indepen- 
dently measured by light scattering to be P = 2.2 
pm at 20”C.’5-’x Inspection of Figure 3 reveals that 
this persistence length corresponds to an effective 
diameter Deff = 17.8 nm for the persistence length 
obtained from the coexistence measurements. We 
find that the persistence length decreases about 15- 
30% over the temperature range 4-35°C and then 
increases again by nearly the same amount from 
35 to 70°C. It would be interesting if independent 
confirmation of the temperature dependence of the 
flexibility could be made by another technique, 
such as light scattering. 

The determination of the temperature depen- 
dence of the persistence length allows us to predict 
the isotropic-anisotropic coexistence concentra- 
tions using Eqs. (1)-(3). These predictions are 
drawn in Figure 1 as solid lines. 

MAGNETIC-FIELD-INDUCED 
BIREFRINGENCE 
Cotton-Mouton Effect 
Thefd has a positive anisotropy of the diamagnetic 
susceptibility Ax, which means that the rods tend 

3 I I I 
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FIGURE 3 The upper set of curves labeled “I-Ch” are 
the persistence length P offdas a function of temperature 
deduced from the measurements of the percentage of the 
cholesteric phase in coexistence with the isotropic shown 
in Figure 2. The numbers 17 and I8 indicate the values 
of D e ~  in nm used in the fit of the data of Figure 2 to 
the Eqs. (3)  and (4) .  The lower set, labeled “CM,” are 
deduced from magnetic birefringence measurements of 
p* shown in Figure 6 and fitted to Eq. ( 7 ) .  The tempera- 
ture dependence for intermediate values of DeF lie paral- 
lel to the limiting values of D,R. 
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to align parallel to an applied magnetic field 
The particles are also optically anisotropic and 
when partially aligned by the field the entire sus- 
pension becomes birefringent. In the limit of weak 
magnetic field, the field-induced birefringence An 
is proportional to the square of the magnetic field. 
It is instructive to consider the specific birefrin- 
gence A n / p ,  with p the particle mass density, as the 
response per particle to an external stimulus H 2 .  
The ratio of this response to stimulus is then the 
susceptibility of a particle in suspension to align 
parallel to the field. The specific magnetic suscepti- 
bility or specific Cotton-Mouton (CM) constant is 
defined to be 

An CME-  
PHZ 

We have recently derived the following expres- 
sion for a suspension of persistent polymers, 

& ) - I  

P* 

where 

and 30 

with Ax the anisotropy of the magnetic susceptibil- 
ity for a fully straightened persistent polymer, and 
AN,,, the maximum birefringence per unit concen- 
tration in full alignment, AN,,, = Ansat/p.  Charged 
rods of the same sign held at a fixed separation have 
the lowest energy when they are crossed. This ten- 
dency of charged rods to twist is manifested in Eq. 
( 7 )  by the parameter h known as the twisting con- 
stant h = K - '  / DeR, where K - ' the Debye screening 
length.26 In our case where we assume an effective 
ionic strength of 17- 18 mMwe calculate h = 0. I 3.3 
Equations ( 7 )  and ( 8 )  contain a common term: 

where a is the flexibility parameter defined in the 
section on the theory of coexistence concentra- 

tions. For a rigid rod LY = 0 and g( 0)  = 1, while for 
a worm-likechain a % 1 andg(a )  - 3a /2 .  

One can provide the following interpretation for 
Eq. (6)  : In the absence of a field, the particles in the 
isotropic phase point in all directions with equal 
probability when averaged over the entire sample 
and the suspension is optically isotropic. However, 
locally there are angular correlations between 
neighboring rods, and the correlation length in- 
creases with concentration. Application of a mag- 
netic field aligns these correlated regions along the 
field, and the field-induced birefringence is propor- 
tional to the number of particles in a correlation 
volume Ncorr.29.30 It follows that N,,,,is given by the 
ratio of the susceptibility at finite concentration to 
the susceptibility in the limit of zero concentration 
or 

All of the concentration dependence of the Cotton- 
Mouton constant of Eq. (6) is contained in N,,,. 

In Eq. ( 6 ) ,  p* is the concentration at which the 
Cotton-Mouton constant and N,,,, becomes infi- 
nite-hence p* is the limiting concentration above 
which an isotropic phase becomes absolutely un- 
stable, i.e., the spinodal concentration of the iso- 
tropic branch of the phase diagram.24.31 However, 
at a concentration less than p* the suspension be- 
comes nematic via a first-order phase transition, 
which in the Onsager model occurs when N,,,, 
= 5.7.3' From Eq. (7)  we see that if the twisting 
constant h exceeds the value $, then p* is infinite, 
which means the nematic phase has been destabi- 
lized by ~ h a r g e . ~ ~ . ' ~  In the case offd, h is 10 times 
less then this critical value. In our previous study of 
the isotropic-cholesteric phase transition, we con- 
cluded that the most significant effect of charge is 
to alter the effective diameter with the destabiliza- 
tion of the twisting term being a minor perturba- 
tion to the phase transition. 

Experiment 

Magnetic-field-induced optical birefringence mea- 
surements were performed with a 20 T Bitter 
magnet at the Francis Bitter National Magnet Lab- 
oratory. We used a photoelastic modulation and 2- 
lock-in amplification ~ e t u p . ~ . ~ ~  The measured field- 
induced phase shift 34 is related to the birefringence 
An and the orientational order parameter S as fol- 
lows 
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FIGURE 4 CM. T ,  the product of the specific Cot- 
ton-Mouton constant and the absolute temperature, 
which is proportional to the number of particles in a cor- 
relation volume N,,,,,, is plotted as a function of temper- 
ature ( T )  for three concentrations. At constant temper- 
ature, N,,, grows with increasing concentration. Each 
data set at constant concentration was measured follow- 
ing increases of temperature from 8.5 to 70°C plus a re- 
peat ofthe 20°C measurement to check that the CM con- 
stant was reversible. Each curve shows a well-defined 
minimum at about 35°C. 

An XA4 
Ansat 2xdAnsa, 

s=-- - 

where X = 633 nm, d = 3.0 mm is the sample path 
length, and Ansat is the birefringence of thefd sam- 
ple in full alignment. 

We have measured the field-induced birefnn- 
gence An offdas a function of temperature for sev- 
eral concentrations offd in the isotropic phase. At 
low values of the field, An is proportional to the 
square of the magnetic field ( H 2 ) ,  and the Cotton- 
Mouton constant CM [ Eq. ( 5)] was determined by 
fitting a straight line to the measured An vs H 2 .  
However, for concentrated samples near the iso- 
tropic-cholesteric phase transition, we observed a 
large nonlinear increase in An with H 2  and eventu- 
ally at the highest fields a saturation behavior oc- 
curred. This and further studies of a field-induced 
isotropic-nematic phase transition have been de- 
scribed elsew here. 

Figure 4 is a plot of CM. T ,  the product of the 
specific Cotton-Mouton constant and the absolute 
temperature, as a function of temperature T.  The 
point of this plot is to remove the explicit tempera- 
ture dependence from Eq. (8). Data from three 

differentfd concentrations are shown in the graph. 
The increase of the CM constant with concentra- 
tion at constant temperature results from the in- 
crease in the angular correlation number N,,,, . The 
study of the concentration dependence of N,,,, has 
been reported el~ewhere.~ Here we draw attention 
to the following features: ( 1 ) Each data point was 
obtained from a sequential series measurements 
beginning from 8.5 to 7VC, and ending by repeat- 
ing a measurement at  20°C. The CM constant was 
reproduced within 2% between the two measure- 
ments at  20"C, suggesting no irreversible change in 
the sample through measurements up to 70°C. ( 2 )  
All three curves show a well-defined minimum at 
about 35"C, which is consistent with observations 
of the temperature variation of the coexistence 
concentrations discussed previously. It is therefore 
suggestive to assume that the temperature varia- 
tions of both the coexistence concentrations and 
the magnetic susceptibility are governed by the 
temperature variation of the flexibility of fd. (3)  
Note that the relative change of the CM data with 
temperature increases with concentration. We ob- 
served in Figure 1 that the coexistence concentra- 
tions are a maximum at 35°C. This means that p*, 
the concentration where the CM constant diverges, 
is also a maximum at 35°C. Lowering p* at fixed 
concentration p by either increasing or decreasing 
the temperature from 35°C causes N,,,, and thus 
the CM constant to increase. Furthermore, the per- 
centage change in CM with temperature will in- 
crease as the concentration p approaches p * .  At low 
concentrations N,,,, - I and varies little with tem- 
perature. The remaining observed temperature de- 
pendence in CM . T at low concentrations comes 
from temperature variations in single particle 
properties such as A x  and the persistence length of 
the virus as expressed in Eq. (8).  

Equation ( 6 )  states that the inverse of the spe- 
cific Cotton-Mouton constant, 1 /CM, decreases 
linearly with concentration p. This should hold at 
any fixed temperature, and has been observed for 
fd3 and TMV.29.36 In Figure 5(a) ,  we show 1 /CM 
as a function of concentration at the three temper- 
atures of 8.5 (0), 40 (.), and 70°C ( A ) .  A few of 
the measurements were not done at precisely these 
three specified temperatures, in which case a sim- 
ple linear interpolation between adjacent tempera- 
tures in Figure 4 was performed. This treatment 
does not introduce much error, since the measured 
birefringence changes smoothly and by a small 
amount for a temperature variation of a few de- 
grees. The solid lines in Figure 5 are the linear fits 
of the data to Eq. (6)  for the different labeled tem- 
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peratures, and extrapolations to 1 /CM = 0 deter- 
mine p*, while extrapolations to p = 0 determine 
1 /CM I p-o. Note the nonmonotonic temperature 
behavior of p*. Figure 5 (b)  displays the same plots 
as in Figure 5 ( a )  with a slight modification to the 
vertical axis, for which 1 /(CM. T )  is plotted in- 
stead of 1 /CM. This removes the explicit depen- 
dence of temperature from Eq. ( 8 ) .  The remaining 
temperature dependence can only arise from a 
combination of the variation of the flexibility fac- 
tor g( (Y) and AN,,,Ax in Eq. (8) .  Note in Figure 
(5b) the solid lines oflinear fits are roughly parallel. 

7 

0.0 
0 5 10 15 20 

0 5 10 15 20 

p (mg/ml) 

FIGURE 5 ( a )  The inverse of the specific Cotton- 
Mouton constant CM-' as a function of the concentra- 
tion p. Data were chosen from Figure 4 at three temper- 
atures: 8.5"C (0), 40°C (.), and 70°C (A) .  Each solid 
line is a linear fit to Eq. ( 6 )  from which p* and CM 1 p.+o 

were determined. (b )  CM . T as function of p. The linear 
fits are roughly parallel for the three temperatures, which 
from Eqs. (6)-( 8 )  implies that the product AN,,,Ax is 
independent of temperature. 

15 ' I I I 

0 20  40 60 80 

-r (OC) 
FIGURE 6 The limit of stability or spinodal concen- 
tration of the isotropic phase p* as a function of temper- 
ature measured in two different ways. Data with hollow 
circles are obtained from the CM measurements illus- 
trated in Figure 5, while the lower continuous curves are 
obtained using Eq. (7 )  with g( a )  extracted from the tem- 
perature dependence of the I-C coexistence concentra- 
tions shown in Figures 1 and 2, and with Detf = 17 and 
18 nm. 

According to Eqs. (6)-( S ) ,  the slope of the lines in 
Figure (5b)  is ( T.CM I p+o*p* )p l  and will be inde- 
pendent of temperature only if AN,,,Ax is indepen- 
dent of temperature. 

In Figure 6, we show p* as determined by the 
CM measurements and also by the measurements 
of the coexistence concentrations. The p* from the 
CM measurements are shown as hollow circles at 
seven temperatures, and were obtained through the 
extrapolations partially shown in Figure 5 ( a )  or 
( b )  . This measurement of p* is purely experimen- 
tal. On the other hand, the continuous solid curves 
at the bottom are p* calculated from Eq. ( 7 )  using 
the temperature-dependent persistence length ex- 
tracted from the isotropic-cholesteric coexistence 
concentrations shown in Figure 3 for two values of 
DeE.  These two different methods of determining 
p* give the same answer within lo%, and further- 
more show the same temperature dependence with 
a maximum in p* at 35°C. 

Conversely, having experimentally obtained p* 
from the CM data, we can use Eq. ( 7 )  to extract 
g( a )  and hence the persistence length. The persis- 
tence length determined this way is shown in Fig- 
ure ( 3 ) ,  along with the persistence length obtained 
from the measurement of the coexistence concen- 
trations, shown in Figures 1 and 2. These two meth- 
ods of determining the persistence length agree 
within 25%, and both show the Same nonmonotonic 
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FIGURE 7 (a )  The product of temperature and the 
Cotton-Mouton constant in the limit of infinite dilution 
T .CM 1 p-.o is plotted as a function of temperature. This 
product is proportional to AN,,,Ax/g( a ) .  (b) The prod- 
uct CM 1 p.+o.  T.p* is proportional to AN,,Ax. The val- 
ues of p* were obtained through the magnetic birefrin- 
gence measurements (0) or from the coexistence con- 
centration measurements ( 0 )  as shown in Figure 6 with 
DeE = 17.4 nm. 

temperature variation of the flexibility of fd with a 
minimum in persistence length at 35°C. 

In Figure 7( a )  we plot T . CM I p+o vs tempera- 
ture, using data obtained from Figures 4 and 5.  
From Eq. (8 )  we expect this quantity to be propor- 
tional to AN,,,Ax/g( a ) .  In principle, any of these 
terms could account for the observed temperature 
dependence. However, we can isolate the tempera- 
ture dependence of the product AN,,,Ax by exam- 
ining the product CM I p+o* T .  p*,  which according 
to Eqs. (7)  and ( 8) will be proportional to AN,,,Ax. 
In Figure 7 (b )  we show CM I ,,-.o* T .  p* obtained 
with the two measurements of p* that were illus- 
trated in Figure 6. As seen in Figure 7 ( b )  the two 
sets of values of CM I p-.o* T * p* vs T have opposite 
curvature. As a consequence, we are unable to 

draw any conclusions about the temperature de- 
pendence of AN,,,Ax other than this product varies 
less than 5%. 

CONCLUSIONS 

We have observed the temperature dependence of 
the isotropic-cholesteric coexistence concentra- 
tions of filamentous bacteriophage fd in colloidal 
suspension. The coexistence concentrations vary 
nonmonotonically with temperature and have 
maximum values at about 35°C. The variation of 
the coexistence concentrations of approximately 
5% in the temperature range of 4-70°C was directly 
determined by measuring the optical absorbance 
upon dilution, and more precisely by measuring 
the percentage variation of coexistence phases with 
fixed average concentration. 

Measurements of the magnetic-field-induced bi- 
refringence of fd as a function of concentration and 
temperature allowed determination of the limit of 
stability of the isotropic phase p*.  The nonmono- 
tonic temperature variation of p* was similar to 
that of the coexistence concentrations. 

We analyzed the direct measurements of the co- 
existence concentrations and the measurement of 
p* from the magnetic birefringence experiments in 
terms of the Onsager-Khokhlov-Semenov theory 
of the isotropic-nematic phase transition. This per- 
mitted two determinations of the temperature de- 
pendence of the persistence length offd. The two 
determinations gave somewhat different answers, 
but both consistently described the persistence 
length as having a minimum length of approxi- 
mately 2 pm at 35°C and increasing by 10-30% as 
the temperature was varied +35"C. 

Through monitoring the coexistence concentra- 
tions and by measuring the magnetic-field-induced 
birefringence as a function of temperature, we have 
probed the change offd flexibility with great sensi- 
tivity, and are able to detect variations in the per- 
sistence length as small as 10-20%. The methods 
used can be applied to the study of other semiflex- 
ible polymers in solution, including biopolymers 
such as DNA and actin. 
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